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1. .4s is now well known, one of the most useful tools in obtaining bounds 
for solutions of differential and integral equations is the Gronwall inequality 
[6], also known as Bellman’s Lemma [ 1, p. 3 1 J, and its various generalizations. 
In recent years there have been several linear and nonlinear generalizations of 
this useful inequality (for example, see [l-12] and the references given 
therein). However, a slight variant of the Gronwall-Bellman inequality 
given in [l, p. 561 seems to have been overlooked by the researchers in 
integral inequalities. Recently, in [I l] the author has profitably employed 
the spirit of this inequality to establish some new integral inequalities. Our 
objective here is to present a number of theorems concerning the integral 
inequalities which claim the following as their origin. 
LEMMA 1 (Bellman [l, p. 561). Let n(t) be a positive, monotonic, non- 
decreasing function and x(t) > 0, f(t) 2 0. If all these functions are continuous 
and if 
x(t) < n(t) + jt f(s) .+) ds, a<t<b, 
n 
x(t) < n(t) exp ( jatfcs) LJ~  , a 6 t e b. 
The main results of the present paper are given in Sections 2 and 3. These 
results have a wide range of applications in the theory of differential and 
integral equations. Evidently, our results in Section 2 include some recent 
results obtained in [4]. 
2. In the study of ordinary differential equations and integral equations 
one has often to deal with certain integral inequalities. In this section, we 
wish to establish some integral inequalities which can be used in applications 
as handy tools. A useful linear generalization of Lemma 1 may be stated as 
follows. 
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THEOREM 1. Let x(t), f(f), and g(t) be real-valued nonnegative continuous 
functions defined on Z = [0, cc), and n(f) be a positive, monotonic, nondecreasing 
continuous function dejined on I, for which the inequalit> 
holds. Then 
x(t) < n(t) + g(t) [j‘6f(s) x(s) dsj ) t E I, (1) 
.qt> G n(t) [ 1 + g(t) ( \ h exp (j * g(+W dT) ds)] , t E I. (2) 
‘0 s 
Proof. Since n(t) is positive, monotonic, nondecreasing, we observe from 
(1) that 
3 < 1 + g(t) (job $j ds) 
< 1 + g(t) (jo’fb) g ds) . 
(3) 
Now we can complete the proof by setting v(t) equal to the integral in the 
parentheses of (3) and following an argument similar to that in the proof of 
Lemma 1 given in [7]. 
We note that the integral inequality obtained in Theorem 1 is a generaliza- 
tion of Lemma 1. An estimate for x(t) in (l), when n(t) is not monotonic 
nondecreasing, has already been obtained in [5]. 
We now apply Theorem 1 to establish the following useful integral inequal- 
ities. 
THEOREM 2. Let x(t), f(t), g(t), and h(t) be real-valued positive continuous 
functions defined on Z, let W(u) be a positive continuous, monotonic, nondecreasing 
and submultiplicative function for u > 0, W(0) = 0, and suppose further that 
the inequality 
s(t) < x0 + g(t) (It f (s) x(s) ds) + ft h(s) W(x(s)) ds 
0 ‘0 
is satisfied for all t E I, where x0 is a positive constant. Then 
(4) 
x(t) < G-l [G(G) + s,‘h(s) 
x w (1 + g(s) (J’fb) exp (~sg(4f(J4 dk) d7)) ds] 
0 7 
(5) 
x [ 1 + g(t) (Jo” f(s) exp ([’ ~(4 f(4 d7) ds)] , 0 G t G 6 
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where 
Y 3 Y(J > 0, (6) 
and G-I is the inverse function of G, and t is in the subinterval [0, b] of I so that 
G(x,,) -I 1” h(s) W (1 + g(s) (j’f (T> exp (/‘g@)f (k) dk) d7)) ds E Dom(G-l). 
‘0 0 T 
Proof. Define 
n(t) = x,, + 
I 
th(s) W@(s)) ds, n(0) = x0 . (7) 
0 
Then (4) can be restated as 
44 G n(t) + g(t) (Jy f (4 4s) ds) . 
Since n(t) is positive, monotonic, nondecreasing on I, we have from Theorem 1 
x(t) G n(t) (1 +&> (~Otf(s) exp (~k~-fW) ds)) . 03) 
s 
Further, 
WWQW(t))~(1 +g(t,(j’f(s)ea~((“g(r)f(T)d~)ds)) 
0 -s 
since W is submultiplicative. Hence, 
~$,~~~~” < h(t) TV (1 + g(t) f It f (s) exp (s t g(T) f (7) dr) ds)) . 
‘0 s 
Because of (6) and (7), this reduces to 
f G(W) G 44 w ( 1 + g(t) (jot f(s) =P ( j t g(T) f (4 d+) ds)) . 
s 
Now, integrating from 0 to t, we obtain 
WW-W(O)) Gjth(s) ~~(l+~(s)(j~f(~)exp(j’g(~)f(R)d~)dT)) ds. 
0 0 T 
(9) 
The desired bound in (5) follows from (8) and (9). The subinterval [0, b] is 
obvious. 
We next state a still more general form of Theorem 2 under some addi- 
tional conditions. This form may be convenient in some applications. 
409/5I/Y-IO 
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THEOREM 3. Let s(t), f(t). ,g(t), aid ?I( t) be I-eal-zulued positice continuous 
functions defined on I; let ll'(zrj be a positive, continuous, uronotonic; rronderrens- 
ing, subadditive and submultiplicatiz~e function for u .-. 0, TV(O) 0: let the 
functionsp(t) > 0, $(t) -:T 0 6. e nondecreasing in t arld continuous on 1, #(O) 7: 0; 
and suppose further that the inequalit) 
s(t) 5; p(t) + g(t) [ 1” f(s) x(s) ds’) + 4 (,!;,’ h(s) H+(s)) ds’) 
‘0 
is satisfied for all t E I, Then 
s(t) < [p(“, + # (G-l [G (b’ 4) 
~(4 =jr: & , r 2 r0 >O, 
and G-l is the inverse of G, and t is in the subinterval [0, b] of I so that 
G ( jt 44 J+’ (P(S) ) 1 + g(s) ( [‘f (4 -P (jk)f (4 dk) do)/) ds) 
L It/l(s) W(1 +g(s) (j’;(~)exp (/Si(k)f(k)dh) dT)) dsEDom(G-I). 
‘0 0 7 
The proof of this theorem follows by an argument similar to that in the 
proof of Theorem 2, together with Theorem 1 given in [3]. 
As mentioned previously, the integral inequalities established in Theorems2 
and 3 are the further generalizations of the corresponding inequalities 
obtained in [4]. However, the integral inequalities established in [II] are 
different from those obtained in Theorems 2 and 3. 
Before leaving this section, we state and prove the following useful integral 
inequality which basically involves the comparison principle. 
THEOREM 4. Let x(t), f(t), g(t), h(t), and q(t) be real-valued positive 
continuous functions defined on I; let W(t, u) be a positive, continuous, monotonic, 
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nondecreasing in u, u > 0, for each jixed t E I; let the functions p(t) > 0, 
$(t) 3 0 be nondecreasing in t and continuous on I, #(O) = 0; and suppose further 
that the inequality 
x(t) < p(t) + g(t) (jot f(s) 44 ds) + h(t) #J (jot q(s) W, 44) ds) 
is satisjed for all t E I. Then 
where 
4) G W [P(t) + h(t) W’NI~ t EI, 
44 = 1 +go> (j’fb) exp (jfgk)fb) d7) ds) , 
0 s 
(11) 
(12) 
and r(t) is the maximal solution of 
r’(t) = !zw wt, w Mt> + h(t) !+wNl)~ r(0) = 0, (13) 
existing on I. 
Proof. Define 
n(t) = P(t) + h(t) # (jot q(s) W, x(s)) ds) . (14) 
Then (IO) can be restated as 
x(t) d n(t) + g(t) (Jl’f (4 +) ds) . 
Since n(t) is positive, monotonic, nondecreasing on I, we have from 
Theorem 1 
x(t) < h(t) n(t), (15) 
where h(t) is as given in (12). Now from (14) and (15) we have 
where 
x(t) G W [p(t) + h(t) #(WI, (16) 
Z(t) = j" q(S) Lt"(S, X(S)) ds, a(0) = 0. 
0 
Consequently, it follows that 
a’(t) G n(t) Wt, W h’(t) + h(t) #(~(t))l). (17) 
A suitable application of Theorem 1.4.1 given in [8] to (17) and (13) yields 
v(t) < r(t), (18) 
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where r(t) is the maximal solution of (13) such that r(O) = v(0) = 0. sow 
from (16) and (18) the desired bound in (11) follows. 
Theorem 4, in the special case when the first integral term on the right- 
hand side in (10) is absent, h(t) = 1, q(t) = 1, #(u) = u, andp(t) is constant, 
was first established in [12]. This theorem may easily be modified to include 
the case in which W depends on three arguments t, s, and x (see, for instance 
[9]). Moreover, one also obtains as a special case a useful generalization of the 
Gronwall-Bellman inequality due to Bihari [2]. 
3. The next step in this development is to establish some useful generali- 
zations of Lemma 1, involving two nonlinear terms on the right-hand side. 
For this purpose, we require the class of functions S as defined in [l I]. 
A function @: [0, co) -+ [0, ~8) is said to belong to the class S if 
(i) D(U) is positive, nondecreasing and continuous for u 3 0, 
(ii) (l/n) D(U) < a(~+), 12 > 0. 
Before giving the main results in this direction, we first establish the follow- 
ing interesting and useful nonlinear generalization of Lemma 1 which is 
useful in our further discussion. 
THEOREM 5. Let x(t), f(t) b e real-valued positive continuous functions 
dejked on I; let n(t) be a positive, monotonic, nondecreasing continuous function 
dejned on I; let @ E S; and let H(u) be a positive, continuous, monotonic, non- 
decreasing subadditive and submultiplicative function for u > 0, H(0) = 0, and 
H-l denotes the inverse function of H, for which the inequality 
x(t) < n(t) + H-l p (jtf(s) H@(s)) ds)] , t EI, (19) 
0 
holds. Then 
X(t) < n(t) H-* [l + @ (G-l [G(O) + jot f (s) ds])] , 0 d t < b, (20) 
where 
G(r) = s: 1 tics, ’ r 3 r. > 0, 
and G-l is the inverse of G, and t is in the subinterval [0, b] of I so that 
G(0) + jot f (s) ds E Dom(G-I). 
Proof. Since H is subadditive and submultiplicative, we have from (19) 
HW)) G W(t)) + @ (jof f (s) H@(s)) ds) . (22) 
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Since H(n(t)) is positive, monotonic, nondecreasing and 0 E S, we have 
(23) 
Define a function v(t) such that 
v(t) = jot f(s) # ds, v(0) = 0. 
Then 
HWN 
“ct) = ftt) fQn(t)) ) 
which in view of (23) implies 
W) <f(t) (1 + @(v(t))). (24) 
Dividing both sides of (24) by (1 + @(v(t))), using (21), and integrating 
from 0 to t, we obtain 
G(W) - G@@)) G jo!f(4 ds- (25) 
Then from (23) and (25) we have 
WW G HWN [ 1 + @ (G-l [G(O) + jotf(4 ds])] - (26) 
Now applying H-l to both sides of (26), we obtain the desired bound in (20). 
We now apply Theorem 5 to establish the following more general inequal- 
ities. 
THEOREM 6. Let x(t), f(t), and g(t) b e real-valued positive continuous 
functions defined on I; let @ E S; let H, H-l be dejked as in Theorem 5; let W 
be the same function as dejined in Theorem 2, and suppose further that the 
inequality 
44 < xo + H-l [@ ( jo’f (4 H@(s)) ds)] + jo’&) W@(s)) ds 
is satisfied for all t E I, where x0 is a positive constant. Then 
x(t) S, Q-1 [a@,) + jot g(s) W (H-l [l + @ (G-l [G(O) + josf (4 dT])]) ds] 
x H-l [l + @ (G-l [G(O) + jotf(s, ds])] , 0 < t <b, 
148 B!. G. PXCHPATTE 
where G, G-l al-e as de$ned in Theorem 5, Q is de$ned bJ 
Q-1 is the inverse function off& and t is in the subinterval [0, b] ofI such that 
and 
G(O) + jotf(s) ds E Dom(G-l) 
i2(xo) + jt g(s) W (H-l [ 1 + @ (G-l [G(O) + sg,,,, dT])]) ds E Dom(Q-‘1. 
0 
We next establish a still more general form of Theorem 6 which may be 
used in certain situations. 
THEOREM 7. Let x(t), f(t), and g(t) be real-valued positive continuous 
functions defined on I; let @ E S; let H, H-l be as defined in Theorem 5; let W 
be the same function as defined in Theorem 3; let the functionsp(t) > 0, r&t) >, 0 
be nondecreasing in t and continuous on I, G(O) = 0; and suppose further that the 
inequality 
44 < P(t) + H-l [@ (johI H(W) ds)] + 4 (jot g(s) W(4) ds) 
is satisfied for all t E I. Then 
49 G [P(t) + + (~-1 [Q (jotg(4 
x W (p(s) /H-l [ 1 + CD (G-l [G(O) + j;f(~) d+] 1) ds) 
+ j ’ g(s) W (H-l [ 1 + @ (G-l [G(O) + job d#) ds])] 
>: ~-l [l + ~ (G-l [G(O) + j~f(s) ds])] , O.<t,(b, 
where G, G-l are as defined in Theorem 5, Sz is defined bJ 
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Q-l is t.he inverse function of Q, and t is in the subinterval [0, b] of I so that 
and 
G(O) + j t f (s) ds E Dom(G-l) 
0 
Q (jot&) rv(p(s) [H-l [l + @ (G-l [G(O) + jbl’fW])]/) ds) 
+ jotg(s) &‘(H-l [l + @ (G-l [G(O) + J:~(T) dT])]) ds E Dom(Q-l). 
The details of the proofs of Theorem 6 and 7 follows by arguments similar 
to those in the proofs of Theorems 2 and 3 given in Section 2, by making use 
of Theorem 5. We omit the details. 
Finally, we establish the following more general integral inequality which 
may be convenient in some applications. 
THEOREM 8. Let x(t), f (t), h(t), and q(t) be real-valued positive continuous 
functions defined on I; let CD E S; let H, H-l be as defined in Theorem 5; let 
W, 4, p(t), W> b e as defined in Theorem 4; and suppose further that the 
inequality 
x(t) < p(t) + H-l [@ (jot f (s) H@(s)) ds)] + h(t) 4 (IOt q(s) J+‘(s, x(s)) ds) 
is sati$ed for all t E I. Then 
where 
44 G b(t) [p(t) + h(t) $W))ll t~Ioo, (27) 
k(t) = H-l [ 1 + @ (G-l [G(O) + jot f (s) ds])] , 
G and G-l are as in Theorem 5, I,, is the largest subinterval of I on which the 
right-hand side of (27) exists, and r(t) is the maximal solution of 
r’(t) = q(t) Yt, W) [p(t) + h(t) ?W))l), r(0) = 0, 
existing on I. 
The proof of this theorem proceeds much as that of Theorem 4, given in 
Section 2, by making use of Theorem 5, and we leave the details to the reader. 
We note that there is no essential difficulty in obtaining the bounds for 
inequalities of the form 
x(t) < n(t) + @ (1: f(s) H(W) ds) , t E I, 
150 B. C. PACHPATTE 
where x, n, f, and CD are as given in Theorem 5, HE S, and G is defined b! 
G(y) = .r;: H( 1 p Q(s)) ’ 
Y 2 1’” ; 0, 
by following partially the arguments as in the proofs of Theorems 1 and 5. 
In view of this remark, one can use this inequality to obtain inequalities 
similar to those obtained in Theorems 6-8. Since this translation is quite 
straightforward in view of the results of this paper, we leave it for the reader 
to fill in where needed. 
In [4, 111 the authors have studied the integral inequalities with two 
nonlinear integral terms on the right-hand side. However, the integral 
inequalities considered in this section are different from those considered 
in [4, Ill. 
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